Abstract.
Introduction.
In many practical applications, integral transform methods have been a powerful analytical tool in solving mixed boundary value problems. The most important advantage of such transform methods is that they provide a means of reducing the degree of complexity of solving a problem allowing, in some cases, analytical or semianalytical solutions. Also in hybrid numerical techniques, integral transforms can permit the reduction of the dimensionality of the problem at hand, hence significantly reducing the computation cost.
In the next section and using the notations of this paper, we review some known material on Weber transform pairs [1] - [3] for the representation of a function f(r) defined over the domain a < r < oo and which satisfies either a Dirichlet boundary condition /(a) = 0 or a Neumann boundary condition /'(a) = 0. Weber's integral theorem and its proof for circular cylinder functions of unrestricted order with Dirichlet and Neumann boundary conditions have been established by Watson [2] . In the third and fourth sections we introduce a new Weber-type transform pair for the representation of a function f(r) defined over the domain a < r < oo and which satisfies the Robin mixed boundary condition f(a) + Xf'{a) = 0. In the last section, we apply this new Weber-type transform pair to solve a mixed boundary value problem in a system of planar layers.
The Dirichlet-Weber
and Neumann-Weber transforms.
For a function f(r) defined over the domain a < r < oo and subject to the condition that: fJ a dry/rf(r) (1) exists and is absolutely convergent, its Weber transform [1] - [3] is given by the following pair:
Jo where v > -1/2 and C"(r, £) is the kernel of the Weber transform given by:
for a function f(r) that satisfies the Dirichlet boundary condition f(a) = 0, in which case we refer to the Weber transform as the Dirichlet-Weber Transform (DWT). On the other hand, for a function f(r) that satisfies the Neumann boundary condition /'(a) = 0, the kernel Cu(r,£) is given by:
in which case we refer to the Weber transform as the Neumann-Weber Transform (NWT). The normalization coefficients, Nu(£a) and M"(£a), are given by:
This kernel satisfies the following partial differential equation:
subject to the boundary condition:
C"(a,0= 0, for the DWT
and C'v{a,£) = 0, for the NWT.
The prime indicates differentiation with respect to the argument (or first argument). The Weber transform kernel, C"(r, £), also satisfies the following orthogonality relationships: / drrf(r)g(r) = / dtff"(t)g"{£)
where /"(£) and gv(£) are the Weber transforms of the two functions f(r) and g(r), respectively. It is implied that f(r) and g(r) both satisfy either the Dirichlet or the Neumann boundary conditions and that /"(£) and gu(^) are their corresponding DWTs or NWTs, respectively.
Defining the operator £"{/(r)} by:
= ^ + (14, the principal operational property of the Weber transform is given by: )
where we have made use of the conditions f(a) -0 and C"(a,£) = 0 for the DirichletWeber transform and of the conditions f'(a) = 0 and C'u(a,£) -0 for the NeumannWeber transform.
In the limit when a -> 0, we obtain Cv(r, £) -» J"(£r) and the Weber transform reduces to the Hankel transform [4] .
A new Weber-type
transform.
In this section we develop a new Weber-type transform for the representation of a function /(r) defined over the domain a < r < oo and which satisfies Robin mixed boundary condition /(a) + Xf'(a) = 0. The function f(r) is subject to the condition that:
exists and is absolutely convergent. The new Weber-type transform for the function f(r) is given by the following pair:
where v > -1/2 and Vu(r, £) is the kernel of the transform given by: 
It also satisfies the following orthogonality relationships:
Parseval's theorem states that: 
Multiplying Eq. (27) by T>v{r,£2) and Eq. (28) by P"(r,£1) and subtracting, we obtain:
Multiplying by r and integrating from a to b (later set to 00 in the limit), we get: 5. Green function in an unbounded medium.
As an application of the use of the new Weber-type transform to the solution of partial differential equations, we develop an expression for the Green function, g{R, R ), in an infinite unbounded medium. The Green function satisfies the following partial differential equation:
with the boundary condition
where 7 is a wavenumber and A is a constant. Expanding the Green function as a Fourier series along the 0-direction and in terms of the new Weber-type transform along the r-direction, we obtain: pOO g( R,f) = Vei^'l d^V,(r, 09,(0 z;R).
Jo Substituting from Eq. (53) into the PDE of Eq. (51) and using the properties of the new Weber-type transform pairs derived in the previous sections, one can easily show that gu{^, 2; R) satisfies the following ODE:
where a2=^2 +72.
Equation (54) has the solution gv(£, z; R') = Jj-Vv(r',
and the Green function is therefore given by
47T t-1 ,/0 a 6. Green function in a layered system. In this section we develop an expression for Green function in a system of planar layers in the presence of the cylindrical surface, r = a, where the Green function satisfies Robin mixed boundary condition given by Eq. (52). The source region is located in the layer -/if, < z,z' < Hq whose thickness is H -+ Hq. There are Nu layers above the source region and Nd layers below. The thickness of the n-th upper layer is h™ and that of the n-th lower layer is h" (see Fig. 1 ).
We assume that the Green function satisfies the following set of generic boundary conditions at a boundary located at z = Zb separating the two layers above and below:
where 77 is the material property of the medium which encounters a change across the boundary at z = Zb separating the two layers. Following the approach in [6] , one can show that for observation points in the source layer, -< z, z' < kg, the Green function is given by: 
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Conclusions. In this paper a new pair of Weber-type transform has been developed which facilitates the solution of mixed boundary value problems for field functions, f(r), defined over the domain a < r < oo and which satisfy Robin mixed boundary condition /(a) + A/'(a) = 0. The properties of the transform kernels have been discussed and their orthogonality relationships have been derived in both the spatial and the spectral domains. Also, the relevant Parseval's theorem was deduced.
